ABSTRACT: A composite foundation in the current study is improved by the joint usage of two types of columns. The soil is modeled as a Mohr-Coulomb material, and the stress-strain relationship is simplified as bilinear elastio-plastic with associated flow rule. Explicit expressions of the equivalent modulus of the composite foundation under elastic or/and plastic conditions are obtained using the parametric variational principle. A critical stress is proposed to judge whether plastic state of soils occurs under a prescribed vertical loading. As a result, the equivalent modulus, taking into account the spatial variation of soil parameters, can improve the prediction in settlement of the composite foundation. The geostatistical technique is recommended to evaluate the correlation length in soils along the vertical direction. Considering the relatively complex mathematical formula in the limit state equation, Monte-Carlo simulation is employed to calculate the probability failure. Finally, a reliability-based design methodology is proposed to balance the safety and economy considerations in designing the area replacement ratios of those two types of columns in a composite foundation.
INTRODUCTION
In the last two decades, composite foundations have been extensively used as an effective technique of ground improvement (Han 2015) . A composite foundation involves a ground improvement technique that uses different column types with different lengths and diameters beneath a raft (Zheng 2004) . These types of column are chosen to mobilize the soil strength, stiffness and permeability. The design aim is to improve the strength and stiffness of the foundation to meet both safety and economy requirements. Fig. 1 illustrates a typical example of a composite foundation, where the raft is simultaneously supported by soil-cement (SC) columns, stone columns and the soil among these columns. The area replacement ratio, defined as the ratio of the total area of a certain type of column to the total area of the foundation, is a key factor considered in design. The area ratio of SC column, for example, directly determines the volume of cement to be used in the improvement of a composite foundation.
The immediate settlement due to loading is one of quality indices for improvement effectiveness. Factor of safety and/or load and resistance factor design have been commonly used to evaluate the safety margin of a foundation. In these approaches, a composite foundation is designed in a so conservative manner that can account for the uncertainties existing in soils. However, these approaches may suffer some limitations. Christian (2004) noted "… while this works in many cases, it is usually expensive, it may drag the project out to unacceptable completion times, and in some cases it may simply not to possible, eventually one may ask how conservative is conservative enough …". Reliability analysis, which employs the probabilistic theory to account for the uncertainties in soil parameters, is likely to be a rational and systematical tool to evaluate the safety degree of a system. The reliability-based design (RBD) approach has been extensively implemented in the structural engineering. Relatively few studies have been focused on the composite foundation. Liu et al. (2007) proposed a RBD method for the composite foundation. In their studies, a model uncertainty model was proposed to account for the variation in settlement prediction.
The present study extends the research of Liu et al. (2007) 's work. The spatial variation of soil parameters is first analyzed, using the local averaging theory and geostatistics to deal with the correlation length of a random field. Secondly, an analytical calculation model of an equivalent modulus of a composite foundation is examined. The RBD is demonstrated to apply for the composite foundation, followed by a case study. 
SOIL PROPERTIES CHARACTERISTIC
Regarding the uncertainty characteristics of soil properties, the random field theory using random fields to simulate soil properties is commonly employed to interpret the spatial variation of soil parameters (Liu et al., 2016) . Within the framework of random field theory, the soil is usually treated as a random media. Two main components of a soil property are the trend part and the deviation part. The former can be computed as the mean value at the corresponding depth, and the latter could be described by a stationary random field. The soil property (ξ) along depth direction (z) can be predicted as: where t(z) is a deterministic trend function, w(z) is a deviation function denoting the deviation from trend, which can be described by a zero-mean stationary random field. Random finite element analysis (e.g. Liu 2013) is an option being likely to yield relatively accurate results in predicting settlement by defining material properties in finite-elements based on Eq. (1). Furthermore, random finite element analysis could also give insights into the failure mechanics (Liu Y. et al., 2014 (Liu Y. et al., & 2015 . However, the random finite element method requires a high performance of computers and programming skills of practitioners. Especially, for a spatial random media, 3-D models need be conducted so as to consider the randomness along each direction. The troublesome of using a 3-D random finite element program may hinder practitioners from incorporating probabilistic methods into a geotechnical design. Alternatively, as the manner used in this study, one might simplify random fields into random variables using local average theory (Vanmarcke 1983 ). According to this theory, the variance in the soil properties is reduced due to the averaging effect. With an increase in the averaging distance, more fluctuations of the quantity are cancelled out. A variance reduction factor Γ(L) can be introduced to evaluate the ratio of point standard deviation (SD) to the spatially averaged SD:
where Γ(L) is the variance reduction factor, L is the averaging distance, and SD i is the SD of the soil parameter in a point level.
Sivakumar Babu et al. (2006) proposed an approximate relationship of Γ(L) in terms of the averaging distance (L) and the scale of fluctuation (δ):
where the scale of fluctuation (δ) can be determined twice as large as the correlation length (r 0 ) for the exponential auto-correlation function. Attention is now turned to the value of the correlation length (r 0 ). Various studies have been conducted to determine the values of r 0 in a conventional statistic manner. In this study, the geostatistics is employed to evaluate r 0 . It should be noted that only the correlation length along vertical direction is considered in this study, because the correlation length along horizontal direction is commonly recognized much larger than in vertical direction and even larger than the corresponding dimensions of the project considered. Geostatistics was viewed as a means to describe spatial patterns by semivariograms in the 1980s (e.g. Burgess and Webster 1980) and has been developed to tackle advanced problems in geotechnical engineering (e.g. Larsson et al. 2005; Zheng et al. 2009 ). Within the framework of geostatistics, the correlation length of a random field is computed as
where γ(h) is the correlation function in term of the distance vector h, Z(X i ) is a property value at location vector X i , and Z(X i +h) is the property value at the location with a distance vector h from X i .
LOAD-SETTLEMENT CALCULATION MODEL
The load-settlement of a composite foundation subjected to vertical loads consists of two components (Zheng 2004 where S, S 1 and S 2 are the total settlement, the settlement of the reinforced soil, and the settlement of underlying strata of reinforced soil, respectively. The columns and soils herein are regarded as a composite material so that the corresponding settlement (S 1 ) can be calculated by the equivalent modulus method:
where Δp i is the stress increment at the middle of the i-th layer, l i is the thickness of the ith soil layer, and E ci is the equivalent modulus of the i-th layer. For a composite foundation with two types of column, E ci can be calculated as (Zheng 2004 ):
where E p1 and E p2 are the moduli of primary columns (the type of column with relatively high strength) and secondary columns (the type of column with relatively low strength), respectively; m 1 and m 2 are the area replacement ratios of primary columns and secondary columns, respectively; and E si is the compression modulus of the soil in the ith layer. The settlement of underlying strata of the reinforced area (S 2 ) is determined in the general form
where Δe i is the increment of void ratio caused by Δp i , e 0 (i) is the initial void ratio of the i-th soil layer, and l i is the thickness of the i-th soil layer. Fig. 2 illustrates a typical composite foundation, in which the soil and columns in strata i and j are both incorporated into a composite material and thus the columns do not presented.
The plastic conditions of the soil have not been taken into account in Eq. (7). To overcome this drawback, Zheng et al. (2003) used parametric variational principle and adopting the bilinear elasto-plastic model as the stress-strain relationship of soils, modified Eq. (7) as follows:
(for plastic conditions) (9b) Figure 2 . An illustration of a composite foundation.
where E 1 and E 2 are compression moduli of soil pre-and post-yield, respectively, σ 0 is the yield stress of the soil, p' is the uniform load on the composite material, A S = 1-m 1 -m 2 . σ 0 is still an unknown quality in Eq. (9b). By adopting the Mohr-Coulomb failure criterion, Zheng et al. (2004) proposed a relationship between the deformation modulus of soil E 0 and soil compression modulus E S under elastic and plastic conditions respectively as follows:
where  , c , and  are Poisson's ratio, cohesive force, and the internal friction angle of soil, respectively;
(1 )(1-2 ) / (1 ) 
where p1  and p2  are the stress acting on the primary and secondary columns, respectively. Layer k2: Ek2, ck2,φk2
RELIABILITY ANALYSIS OF THE SETTLEMENT
A simple limit state equation associated with settlement of composite foundations can be expressed as follow:
where g S is the safety margin associated with settlement, S is the settlement predicted by Eq. (5), and S 0 is an allowable settlement. Probability distribution function types of the basic random variables involved in the limit state equation shall be assumed. Five random qualities (E 1 , c and  of the soils, and E p1 and E p2 of the columns) should be considered. As discussed in the Section 2, they could be simplified as random variables using the local averaging theory. Their mean values and spatially averaged SDs can be determined by using the trend functions and Eq.
(2), respectively. These 5 random variables are assumed to follow the log-normal distribution, which is frequently used in geotechnical analysis [41, 42] due to its nonnegative property. This study does not focus on the correlation between two random variables and thus these random variables are treated as mutually independent. E 2 has the same properties with those of E 1 due to its simple relationship with E 1 shown in Eq. (10).
The mean values of E 1 , E 2 , c and  are used to calculate the coefficient α in Eq. (10), and estimate the Mohr-Coulomb failure envelope as well. It should be noted that a random media with extreme small correlation length can be treated as a uniform media because the variance reduction factor Γ(L) in Eq. (3) approaches zero and the spatially averaged SD convergences to zero as well. The property value of this uniform media will approach its median, rather than mean value (see Fenton et al., 2005) . It can be observed from Eqs. (9-12) that the calculation of settlement S in Eq. (12) is quite complex, especially when the variation of parameters is taken into consideration. The convergence and accuracy of iterative or/and analytic methods to calculate failure probabilities, such as First-Order Second-Moment method and the Point Estimate method, cannot be ensured. In this regard, the Monte Carlo simulation method is recommended in this study at the cost of computing time. The function of the reliability index β and the failure probability (p f ) is: A target reliability index has to be determined for composite foundations reliability analysis. For a general comparison, the Canadian Building Code has chosen a target β T = 3.5 for foundations as a safety criterion. For pile foundations, especially pile group foundations, Zhang (2004) suggested a specific target β T = 3.0 to ensure safety. Although this study is in the framework of pile group foundations as well, the limitations of MohrCoulomb failure criterion, which was adopted for analysis in the previous section, shall be taken into account. The Mohr-Coulomb failure criterion overestimates the c u value for undrained cases and the deformation may be subsequently underestimated. Therefore, the target reliability index shall be greater than 3.0 to account for this limitation. In this study, β T is adopted as 3.2 instead of 3.0 for the pile group in composite foundations.
